Classical quasi-integrable systems are known to have Lyapunov times orders of magnitude shorter than their ergodic time, the most clear example being the Solar System. This puzzling fact may be understood by considering the simple situation of an integrable system perturbed by a weak, random noise: there is no KAM regime and the Lyapunov instability may be shown to happen almost tangent to the tori. We extend here this analysis to the quantum case, and show that the discrepancy between Lyapunov and ergodicity times still holds. Quantum mechanics limits the Lyapunov regime by spreading wavepackets on a torus. Still, the system is a relatively good scrambler in the sense that λ /T is finite, at low temperature T . The essential features of the problem, both classical and quantum, are already present in a rotor that is kicked weakly but randomly.
INTRODUCTION
Lyapunov exponents are a measure of chaos but do not necessarily reflect the ergodic properties of a classical system. A particularly interesting instance where this is manifest concerns systems in which integrability is broken by a small perturbation. The paradigm of these is the Solar System: we now know that, even if the stability time (for Mercury's orbit) is at least 5 bYrs, the Lyapunov time of the entire system is much shorter, of the order of a few million years [1] . Similarly, for the Fermi-Pasta-Ulam-Tsingou chain (a perturbed Toda lattice) at low energy, the equilibration time is much larger than the Lyapunov time [2] .
This somewhat paradoxical result may be understood rather simply: the motion combines a fast chaotic exploration of the tori of the unperturbed system, with slow diffusion from one torus to another. The divergence of nearby trajectories -Lyapunov instability -is tangential to the torus. A simple example one can consider illustrates this. It consists of an integrable system with dynamics perturbed by a white additive noise, {η i (t)} of zero mean and (small) variance ǫ. The Hamiltonian is then
The idea is that the artificial noise mimics the interactions if there are many, weakly and incoherently interacting systems: the construction reproduces many features beyond the Kolmogorov-Arnold-Moser regime (which is essentially irrelevant for many degrees of freedom) but still not far from integrability. One can show in general that [3] :
• Considering nearby trajectories with the same realization of noise, they diverge within a torus with a Lyapunov exponent ∝ ǫ 1/3 ; there is no value of ǫ below which regular motion subsists.
• Combined with this there is a much slower diffusion for both trajectories, with rate ∝ ǫ, from one torus to another, and a different scaling for the Lyapunov instability in that regime.
The purpose of this paper is to extend this construction to the quantum case by studying the behavior of the out-of-time-order correlator (OTOC) between two observables [A(t), B 0 ] 2 , and to study what are the limits on the Lyapunov exponent so-defined placed by quantum uncertainty. The paper contains two parts: in the first one we draw some general arguments concerning the Lyapunov regime. This is done by going back and forth from the the classical to the quantum problem. The full analysis of the latter is given in a forthcoming publication [4] . In the second part we demonstrate the results by solving numerically a representative example-a weakly and randomly kicked rotor.
A SIMPLE MODEL
The physics is already contained in a one-dimensional problem of a particle in a power potential, driven by a random field:
where m is the mass of the particle and η(t)η(t ′ ) = δ(t−t ′ ). For the classical system, the next step is to go to action-angle variables (I, Θ). Quantum mechanically this is also possible, if done with care (see the review [5, 6] ), on condition that instead of Θ we work with e iΘ = cos Θ + i sin Θ, and define the matrix representations of these appropriately -see below. The Hamiltonian transforms to:
where G(I, e iΘ ) is the transformed version of q.
We now briefly review the behavior of the classical model. A comprehensive analysis is given in Ref. [3] , and a complete summary in the forthcoming paper [4] .
The classical Lyapunov exponent reads
where I 0 is the initial value of the action, derivatives with respect to I are marked with ′ , and G 2 (I 0 ) is the mean squared of G(I, e iΘ ) with average taken over the torus 0 < Θ < 2π. The result in Eq. (4) is derived under the assumption of weak perturbation so that the action variable diffuses little during a Lyapunov time t Lyp = λ −1 cl :
Since t Lyp ∼ ǫ −1/3 and the diffusion time ∼ ǫ −1 , this regime may always be realized by decreasing the perturbation magnitude. In addition, we assume that the Lyapunov exponent is smaller than the angular velocity along the unperturbed torus, λ cl ≪ H ′ int (I 0 ), although presumably this is not necessary for the λ cl ∼ ǫ 1/3 scaling. For large values of ǫ, the ǫ 1/3 scaling breaks down: for example, in the rotor system we shall study below, the Lyapunov exponent is expected to scale logarithmically with the perturbation.
Turning to the quantum version, since we consider a single power-law potential, the Hamiltonian can be rescaled from the one in Eq. (2)
where ω 0 = α 2 m −ν ν−2 1/(2+ν) has units of time
is adimensional. The time variable, which appears explicity in the white noise, is rescaled with ω 0 . The number operator N indicates the number n of energy level for the integrable part N |n = n|n . This form of the quantum Hamiltonian is obtained regardless of the explicit functionality of the classical integrable Hamiltonian H int (I) [4] .
The quantum Lyapunov exponent is adimensionalized as:λ
withλ defined by the (adimensional) time dependence of the OTOC associated with the evolution generated by the adimensionalH:
The initial state, |ψ 0 = n c n |n , is assumed to be concentrated around some n 0 , here we take directly |ψ 0 = |n 0 .
We could alternatively write Eq. (7) in canonical form (such as in the quantum bound [7] ), for this we need to introduce a canonical ensemble calculating
where the long time limit has to be taken with care in this annealed version, or make a 'quenched' calculation by taking the expectation of the logarithm of the squared commutator. Inserting Eq. (7), eliminating the parameters in favor of
which also implies that βω 0 is a function ofn, we obtain:
We shall see below that the adimensional function g(n,ǫ) grows, for a givenǫ, asn decreases: the quantization ofn will provide a bound. The system is then a relatively good scrambler, in the sense that β λ T reaches, at low T , a finite (albeit small)ǫ-dependent value. Note that althoughǫ depends on , and ω 0 , we can changen independently by varying the temperature.
Quantum tangent space
In the forthcoming publication we show explicitly how the quantum Lyapunov exponent can be determined in analogy to the classical one. There, one usually considers the tangent space defined by small variations along a reference trajectory, or alternatively, by the Poisson brackets. It is sufficient to focus on the dynamics of two operators
with A 0 being some initial Hermitian operator. The normalization of the first commutator with e −iΘ guarantees that C Θ is Hermitian. Let us compute the time derivatives of the above two operators (recall that time is rescaled by ω 0 ). We obtain super-operator equations, which are the analogue of those of the tangent space in classical mechanics, of the form
where L, J , M, F , N , K are super-operators easily obtained by using the 'chain-rule' for commutators [4] . The super-operator J comes from factor reorderings, and thus vanishes in the classical case. When this is so, we may rescale C N → C N , C Θ →ǫ −1/3 C Θ and t →ǫ −1/3 t, and conclude that M, N , K may be neglected for small ǫ, and that the Lyapunov exponentλ scales like ǫ 1/3 . In the quantum case J = 0, and time cannot be rescaled with ǫ.
Scrambling-on-the-torus times:
Consider, for the classical case, two trajectories with small but finite initial separation u 0 around some reference trajectory (I(t), Θ(t)), submitted to the same noise realization. We follow their relative distance in time
where u I (t) and u Θ (t) are the differences in the action and angle variables of the two copies (in phase space, not in the linearized tangent space). The natural expectation is that there will be a saturation time t sat , dependent on the initial separation, reached when the angles of two trajectories differ by O(1): |u 0 | e λtsat ∼ 1, thus leading to a logarithmic dependence on |u 0 |. The situation here is actually more complicated: we find that this estimate is correct only if we modify it as
where ℓ 0 is an initial effective separation that depends on ǫ, but of course goes to zero as |u 0 | goes to zero. We may understand this if we suppose that there are in fact three regimes: (1) during a time-interval contained within [0, t Lyp ] the actions are essentially constant, u I ≈ u I (0), while the angles separate ballisti-
λ cl t , until (3) the angular separation saturates at time t sat defined above by u Θ (t sat ) = 1: the trajectories have spanned a torus. From that time onward the action variables follow a simple diffusion from torus to torus.
If we further assume that the regime (1) lasts for a time of the order of the Lyapunov time, then ℓ 0 ∝ t Lyp ∼ ǫ −1/3 . Thus, for a given initial separation, a smaller perturbation corresponds to a longer Lyapunov time, which in turn results in a larger effective separation ℓ 0 at the onset of the Lyapunov regime (as can be seen in Fig. 1 ). This leads to logarithmic corrections for the saturation time. If the perturbation ǫ is so small that ℓ 0 (|∆x 0 |, ǫ) is itself of order one, then the Lyapunov regime on the torus disappears altogether. In addition, plugging in the assumption of weak perturbation (Eq. (5)) and the expression for t Lyp , one finds that the final exponential separation along the action axis is small, u I (t sat ) ∼ u I (0)e λ cl tsat ≪ I 0 . We shall check numerically these predictions in the next section.
In the quantum problem, even if we are considering a direct computation in the tangent space, as when we are computing an OTOC, we cannot avoid an initial uncertainty given by quantum fluctuations. A semiclassical argument is then to imagine that the initial wavepacket of size ℓ q is stretched by the Lyapunov instability, until it spreads in the whole available space: this is the Ehrenfest/scrambling-on-the-torus time. In our case here there are two grains of salt: (i) from the discussion above we may expect that not only but also ǫ enters in the estimate of the effective initial packet ℓ q (ǫ, ), where, if the classical estimate holds, the dependence for small ǫ is ℓ q ∝ ǫ −1/3 and (ii) Again, if ǫ is so small that ℓ q (ǫ, ) ∼ 1, the Lyapunov regime 'on the torus' is absent. Finally, if ǫ is large, the initial size of the packet is in any case bounded by n 0 , since this is its initial size [8] [9] [10] (this is best understood by considering the Bohr-Sommerfeld quantization, which imposes that n is integer, fixing a wavenumber around the torus).
During the time in which an exponential growth of the OTOC exists, a simple semiclassical argument based on the Bohr-Sommerfeld approximation shows that [4] , not surprisingly, the quantum Lyapunov exponent coincides with the classical one for n 0 large enough. We shall check this below.
AN EVEN SIMPLER MODEL, NUMERICS
The Hamiltonian (6) may be treated as it is, but in fact we may learn the same lessons with a simplification that implies no loss of physical generality. We choose for H int (N ) = N 2 /2 and forG(N, e iΘ ) = 2 cos Θ (we omit the N dependence in G but this is inessential since N is almost constant during the times involved). Hence we have
The random external noise η(t) can be thought as a limit of frequent random kicking
with some fast kicking rate τ −1 and where r k are taken from a normal distribution of zero mean and variance τ . (This is how we introduce the noise in the simulations below). The predicted Lyapunov exponent for this system is 2λ = 2 1/3ǫ1/3 [4] (see Eq. (7)), where it is only the prefactor that we determine a posteriori from the simulations.
The system is then almost the Chirikov Standard map (or the kicked rotor), a canonical example in the field of Quantum Chaos, playing an important role in the study of the correspondence principle and the properties of classically chaotic quantum systems, such as energy diffusion, localization, and level statistics [11] [12] [13] [14] [15] . It has been mostly studied with periodic kicking of a single sign, leading to two physical phenomena: the existence of mixed (KAM) phases with regular and chaotic regions at weak kicking, and localization effects in the energy [14] . Full chaos appears only for large perturbations, ǫ > 1: the OTOC for this regime has been studied by Rozenbaum et. al. [16] who found a Lyapunov exponent that scales as log ǫ [16, 17] .
Concerning random drive, it was shown that adding weak randomness on top of the coherent kicking kills localization [18] [19] [20] . Likewise, there is no mixed (KAM) regime, a result that may be expected because white noise contains all frequencies, and thus resonates with every torus. Thus, the regime we are studying here, nonlocalized and fully chaotic but with small ǫ, does not in fact exist if the kicks are non-random.
There are two choices for the operator cos Θ: the usual one, 2 n| cos Θ|n ′ = δ n,n ′ +1 + δ n+1,n ′ for n, n ′ integer, or the one coming from the quantum action-angle construction [5, 6] , 2 n|ĉ osΘ|n ′ = δ n,n ′ +1 + δ n+1,n ′ for n, n ′ nonnegative, only the space with positive n counts, as one would expect from an action variable. We verified that these two alternatives give similar behavior of the OTOC, so we shall disregard the difference. Below we report numerical solutions to a classical and quantum rotor subjected to periodic kicking of random magnitude and sign. We focus on the case of weak relative perturbation.
Classical Case
Let us start with the classical Hamiltonian, with the same functionality of the one appearing in Eq. (16),
1/2 η(t) cos Θ. This accounts for the BohrSommerfeld approximation I = N . The corresponding Hamilton equations lead to the map
where r t is taken from a normal distribution of zero mean and varianceǫdt.
In Fig. 1 we show the quenched Lyapunov separation log u 2 (t) for different perturbation strengthsǫ, where one trajectory starts at (I 0 , Θ 0 ) = (0, α 0 ) and the other at distance u 0 from it. The average is taken over the initial conditions α 0 , u 0 , as well as over realizations of the noise. The magnitude of the initial separation is fixed |u 0 | = 10 −8 , and the kicking rate is taken as dt = 0.1λ −1 (ǫ), we have checked that a higher kicking rate does not change the result. Figure 1 shows all the three regimes mentioned above, and that the Lyapunov exponent of the classical randomly kicked rotor scales as ǫ 1/3 . The exponential growth starts after ∼ 1 Lyapunov time and saturates at later times. As can be seen by the inset of Fig. 1 , at time t sat the separation along the action direction is small. When decreasing the perturbation, the effective initial separation ℓ 0 (ǫ) becomes larger, and as a result the saturation time, measured in Lyapunov times, is shorter [21] . 
Quantum case
All numerics in what follows involve an initial eigenstate, |ψ 0 = |n 0 . The OTOC which is defined in Eq. (8) then reads
(20) The numerical procedure is preformed by evolving the system in time with consecutive unitary operation between kicks U dt = e −iN 2 /2dt e −2ir cos Θ , where r is a random number drawn from a Gaussian distribution with zero mean and variance ǫdt. The operation in Θ space is done in Fourier space. We treat a system of a fixed size M = 2 14 , and vary the initial state n 0 and the perturbation strengthǫ. As in the classical case, the rate of kicks is kept fixed with respect to the expected Lyapunov time, dt = 0.01λ −1 (ǫ). In Fig. 2(a) we show the growth of the OTOC for different initial energy levels n 0 and fixed relative perturbation
. The OTOCs show an exponential growth with essentially the classical Lyapunov exponent for a time window-the Lyapunov regime-that roughly starts at one Lyapunov time and ends at the Ehrenfest time t E . In the inset of Fig. 2(a) we show that the latter is proportional to log n 0 Lyapunov times. For log n 0 ∼ 1 there is no Lyapunov regime. This is the usual situation for largeǫ. For smallerǫ the Lyapunov time becomes large, and we must correct the initial size ℓ q (ǫ) ∼ǫ −1/3 , according to the estimate above.
We check how the Ehrenfest time depends on the per-turbation strength. In Fig. 2(b) we show the evolution of C(t) for various magnitudes of external noise and fixed initial condition n 0 = 8191. The Lyapunov regime gets shorter with decreasingǫ, and for small enough perturbation it vanishes. This behavior resembles the one observed in Fig. 1 for the classical model, as discussed above.
In analogy to the classical case, we find that during the Lyapunov regime the energy diffuses little around |n 0 [4] . It would be interesting to check that a wavepacket in the coherent-state or Wigner representation indeed fills the torus in an Ehrenfest time, and diffuses subsequently [3, 23] .
QUANTUM LIMITS TO CHAOS
The fact that there should be at all a Lyapunov regime at a given finite value of n 0 already implies that the adimensional quantity β λ T scales as a finite number, and the system is a 'rather good scrambler' between Lyapunov and Ehrenfest times. We now derive a general semiclassical expression for the adimensional function g(n,ǫ) in Eq. (11) .
For a generalH, the expression for the adimensional Lyapunov in Eq. (4) isλ
, and the assumption of weak perturbation (Eq. (5)) can be written as [4] :
Switching to the canonical averaging, let us define from Eq. (10) β ω 0 ≡ k(n), which is a decreasing function of n. The adimensional relation in Eq. (11) then reads
Now, the first brackets cannot be too large according to Eq. (21), and, if we do not want to violate the bound [7] , then the second bracket must be a decreasing function ofn. Hence, the most chaotic system corresponds for n = O(1), at which the Lyapunov regime also vanishes. We can verify this explicitly for the Bohr-Sommerfeld quantization, for whichH int ∼ N γ andG ∼ N (2−γ)/2 with 0 < γ ≤ 2 [4, 24] (γ = 2 is equivalent to the rotor). For these functions one finds β λ T =ǫ 1/3 k(n)n (γ−2)/3 , which decreases withn for a givenǫ.
Let us go further, and consider a system consisting of M very weakly coupled copies of our integrable model, having values of ω 0 = ω 1 > ... > ω M ∼ 0, with w i spanning an interval that goes down to zero. The system is at temperature T , so that the corresponding average quantum numbers aren 1 < ... <n M . The coupling introduces perturbations withǫ i . As in any system that is a collection of uncoupled subsystems, the global Lyapunov exponent is dominated by the largest of individual ones. Consider, for example, choosing the adimensionalǫ i =ǫ 1 , the same ∀i. Then, at each (low) temperature some subsystems will haven i < 1, and will thus not contribute with a Lyapunov regime. Hence, the global Lyapunov exponent corresponds to the one of the systemsn * ∼ 1 that is just about to lose its Lyapunov regime because of quantum effects, which one depends on the value of T . This will also be the case if theǫ i increase with i. If, instead,ǫ i decrease and go to zero as ω i goes to zero, the scaling with temperature becomes different.
CONCLUSION
In this Letter we have presented one example of weakly driven integrable model. A more complete study is given in the forthcoming paper. The same behavior is expected for systems with many degrees of freedom. The noise plays the role of the sum of all weak integrabilitybreaking terms in a true quasi-integrable model with many dimensions. There is however a caveat: in the situation we discuss the noise acting on the quantum system is classical, which might not be suitable to fully capture quantum couplings. One way to account for noise with quantum origins is perhaps to consider correlated instead of white noise. This can be addressed theoretically, as was done for the classical problem [3] , or numericallyby reducing the kicking rate with respect to the unperturbed evolution and the Lyapunov time. A more complete way to take into account the quantum origins of noise is to start with a model with one degree of freedom coupled to an ensemble of linear oscillators and employ the Feynman-Vernon, Caldeira Leggett method (see Ref. [25] for such an approach in the context of OTOC).
Finally, it will be interesting to test the implications of our model to real isolated quasi-integrable systems in equilibrium. Another interesting future direction is to consider an initial ensemble that is a Generalized-GibbsEnsemble [26] . The latter can be relevant to study the so-called prethermalized state [27] .
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